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Abstract—In this paper, we present a novel particle filtering
algorithm for multi-target tracking problem in a non-Gaussian
environment. Our approach incorporates a Markov Chain Monte
Carlo scheme with drift homotopy after an appropriately mod-
ified resampling step. The algorithm is tested on a multi-target
tracking model with a linear and a nonlinear observation model.
Both targets dynamics model and observation model are per-
turbed by non-Gaussian noises. The results of the numerical tests
based on synthetic data indicate that our method significantly
improves the performance of the generic particle filter.

I. INTRODUCTION

Multi-target tracking is an important problem arising in
a plethora of different frameworks from defense applications
[16], [3], [17] to biology [18]. It is essentially a stochastic
filtering problem where one needs to estimate the trajectories
of moving objects based on their dynamics and measurements.
These estimates rely on a conditional filtering density. The fil-
tering density is typically hard to compute it analytically unless
linear dynamics and observation models driven by Gaussian
noises are considered. In this case, Kalman filter estimates are
optimal. Furthermore, Kalman filter’s derivatives, the Extended
Kalman Filter (EKF) [28] and the Unscented Kalman Filter
(UKF) [27], are applicable in nonlinear problems by suitable
approximations of the nonlinearities. However, both EKF and
UKF require a Gaussian framework such that accurate esti-
mates are delivered.

A popular approach which can handle nonlinear and non-
Gaussian scenarios is particle filtering. Particle filtering is a
sequential importance sampling/resampling method which ap-
proximates the filtering density by weighted samples. However,
in several applications, these samples have a negligible weight
which causes an insignificant contribution to the approximation
of the filtering density [24]. Several authors have suggested
resampling in order to create more copies of the samples with
higher weight, e.g. see [2], [4], [8], [7], [10].

However, the particle filter still requires a great number
of samples to approximate the target distribution accurately.
Consequently, we consider herein a Markov Chain Monte
Carlo (MCMC) method after the resampling step for moving

the samples into statistically significant regions such that the
estimation of multi-targets’ trajectories is facilitated. There are
several possible ways to enhance the particle filtering algorithm
by an extra MCMC step after the resampling step, e.g. see [9]
and references therein. However, it is crucial that the MCMC
step preserves the nature of the posterior filtering density.

In this paper, we engage drift homotopy ideas for the
targets’ dynamics with an MCMC sampler after the resampling
step of the particle filtering. This addition to the algorithm can
be viewed as a stochastic analog of deterministic homotopy
methods for solving nonlinear algebraic equations [11] or
as a stochastic differential equations (SDE) generalization
of simulated annealing [15]. Precisely, the targets’ dynamics
are governed by a deterministic term perturbed by a perti-
nent noise. Drift homotopy strategies consider a sequence of
stochastic dynamics with drifts which interpolate between the
original and modified drifts. Then, using a suitable MCMC
sampler, one constructs paths from each stochastic dynamics
in the sequence using the last sample from the previous
dynamics in the sequence as the initial condition for the
MCMC sampling from current dynamics in the sequence. This
allows to gradually morph a path with a low weight to a path
with a significant weight while at the same time respecting the
nature of the posterior filtering density at the same time.

The homotopy technique has been adopted in several
problems related to filtering, e.g. see [6], [12]. Precisely, the
homotopy in [6] was employed in order to find an appropriate
ordinary differential equation (ODE) to implement Bayes rule.
The fundamental difference between this work and [6] is that
the authors of [6] used homotopy at the densities level in
contrast to our method where homotopy is encountered in the
dynamics.

Next, we consider the drift homotopy MCMC particle filter
for tracking multiple targets in non-Gaussian scenarios for both
linear and nonlinear measurements. Non-Gaussian noise, in
general, does not encounter subtle properties as in the Gaussian
case and thus, the problem is rather formidable (see, e.g. [13],
[14], [20] and references therein). The non-Gaussian noise is
approximated by a suitable Gaussian mixture model (GMM)



[14] and adopting the drift homotopy MCMC considerations
in particle filter for GMM scenarios we demonstrate that our
algorithm estimates accurately the trajectories of the moving
objects. In contrast, the generic particle filter produces erro-
neous estimates.

The paper is organized as follows. Section II describes the
basics of generic particle filter. Section III provides a detailed
illustration of the appended MCMC step and drift homotopy
technique. Section IV exposes our numerical results and at last
a conclusion is offered at Section V.

II. FILTERING METHODS FOR MULTI-TARGET TRACKING

Consider several moving objects where each of them is
based on the following dynamics,

xk = g(xk−1) + uk−1, (1)

where xk ∈ R
n is the state of each target at discrete

time k, uk−1 is a driving noise and g : R
n → R

n is a
nonlinear, nonsingular function. At recurrent time k, a new
observation for each target is collected. The observations are
noisy perturbations of a function of targets’ states according
to the following process,

zk = h(xk) + vk, (2)

where h : Rn → R
n is a nonlinear, nonsingular function and

vk is some pertinent noise. Denote z1:k = {z1, · · · , zk} to be
the entire data history for an object up to time k. Our goal
is to compute the conditional expectation E(f(xk)|z1:k) for a
suitable function f based on the dynamics of equation (1) and
the observation process of equation (2). Equivalently one needs
to compute the conditional filtering distribution p(xk|z1:k),
which in light of Bayesian considerations is propagated in time
by

p(xk|z1:k) ∝ p(zk|xk)p(xk|z1:k−1), (3)

where the likelihood p(zk|xk) is encapsulated in equation (2)
and the prediction p(xk|z1:k−1) for each target is given by the
Chapman-Kolmogorov equation,

p(xk|z1:k−1) =

∫

p(xk|xk−1)p(xk−1|z1:k−1)dxk−1. (4)

The Markov transition density, p(xk|xk−1), relies on the
dynamics of equation (1). However, it is typically difficult
to sample from (3) and thus one may consider importance
sampling. Particle filtering is a sequential importance sampling
method where one could choose as a reference density the
prediction of equation (4). Consequently, the following approx-
imation for the conditional expectation is given by

E(f(xk)|z1:k) ≈
N
∑

n=1

w̄n,kf(xn,k), (5)

where w̄n,k are the normalized weights defined by
p(zk|xn,k)

N∑

n=1

p(zk|xn,k)

and xn,k is the nth sample from the reference

density p(xk|z1:k−1) at time k.

However, most particles have a negligible weight as time
progresses and then several resampling schemes have been
proposed to remedy this matter. The reader should refer to
[2], [8], [7], [10], [15] for more details and references therein.

Moreover, each observation needs to be associated with
a target. This is a combinatorial problem of the number
of possible target-observation arrangements. Also, targets of-
tentimes approach each other or cross paths and thus it is
required the target-observation association to be solved at every
time step. Many algorithms exist for addressing this problem,
however the association relies heavily on the accuracy of the
underlying algorithm. Herein, the Munkres assignment scheme
[5] has been used for solving the target-association problem.
At each time step, a cost associated with each possible target-
observation association is computed and best matching is
provided by finding the minimum among all the corresponding
costs.

Let, now, consider that we have Mk targets at time k
which move independently. We present below the traditional
algorithm for the particle filter suited for the multi-target
tracking problem.

ALGORITHM 1: Particle filter for multi-target tracking.

1) Sample N unweighted samples xn,k−1 from

p(xk−1|z1:k−1) =

Mk−1
∏

m=1

p(xm
k−1|z

m
1:k−1)

2) Prediction: Generate N samples, x̃n
k from

p(xk|xk−1) =

Mk
∏

m=1

p(xm
k |xm

k−1)

3) Target-Observation Association using Munkres Algo-
rithm

4) Update: Compute the weights

Wn,k =

∏Mk

m=1 p(z
m
k |x̃m

n,k)
∑N

n=1

∏Mk

m=1 p(z
m
k |x̃m

n,k)

5) Resampling: Generate N independent uniform ran-
dom variables {θn}Nn=1 from (0, 1). For n, j =
1, . . . , N , let xn

k = x̃
j
k where

j−1
∑

l=1

Wl,k ≤ θj <

j
∑

l=1

Wl,k

6) Let k = k + 1 and go to the first step.

III. MARKOV CHAIN MONTE CARLO PARTICLE FILTER

A. MCMC particle filter with drift homotopy

Particle filter’s framework is easy to implement and it is
very popular due to the fact that it can handle nonlinear and/or
non-Gaussian scenarios as we consider herein. However, the
particle filtering even with the resampling step requires a
great number of samples to approximate the filtering density
of equation (3). It is common in practical applications espe-
cially related to rare event transitions [13], [25] to propagate
samples which do not lie in statistically significant regions.



Consequently, an extra MCMC step is incorporated in order to
move the samples into statistically significant region [9], [19],
[13], [25], [26]. Adopting the strategy of [13], we establish
a novel MCMC particle filtering algorithm enhanced by drift
homotopy for the multi-target tracking problem assimilating
non-Gaussian data.

First, the resampling of the particle filter algorithm is
executed in order to produce more copies not only of the
samples based on the current observations but also of the
samples at the previous observation. The values of these
samples are the ones which generate good samples for the
current observation.

Next, suitably modified dynamics are considered as fol-
lows,

xk = g̃(xk−1) + uk−1, (6)

where g̃ is an appropriate function which facilitates the sam-
pling. Moreover, based on the original dynamics of equation
(1) and equation (6) we consider a system of L+ 1 levels of
dynamics,

xl
k = (1− ǫl)g̃(x

l
k−1) + ǫlg(x

l
k−1) + uk−1, (7)

where 0 ≤ ǫl ≤ 1 and ǫ0 = 0, ǫL = 1. One may easily verify
that when l = 0, the modified dynamics described by equation
(6) are in effect. By the same token, as the term ǫ increases and
reaches the terminal level L, eq. (7) corresponds to the original
dynamics of eq. (1). The posterior filtering distribution given
in equation (3) is preserved if one samples from the product
of densities,

p(zk|xk)p(xk|xk−1),

where xk−1 is given in the aforementioned modified resam-
pling step. However, instead of using the transition density
p(xk|xk−1) encapsulated in the dynamics of equation (1), we
begin with a sample from equation (7) for l = 0 and through
MCMC we sample the product

p(zk|y
0
k)p(y

0
k|xk−1). (8)

We keep the last sample based on the MCMC step of equation
(8) and we use it as an initial condition for the next level. We
proceed similarly by sampling from the product of densities

p(zk|y
l
k)p(y

l
k|xk−1),

until the last sampling at L level which corresponds to the
original dynamics. In other words the levels from 0 to L− 1
are auxiliary and they just provide a better initial condition for
the MCMC step at the terminal level L.

B. Non-Gaussian framework

A great number of applications require a non-Gaussian
framework. Herein, we approximate the non-Gaussian scenery
with a Gaussian mixture model (GMM). GMMs find great ap-
plications in long range communications where two mixands,
i.e. two components in the Gaussian mixture model, are used
to simulate the atmospheric noise [14]. In addition, noise in
seismic data or acoustic noise for underwater channel can be
also approximated by a pertinent GMM [23].

Therefore, we presume that the driven noises, uk and vk,
in the targets’ dynamics in equation (1) and the observation

model, equation (2), respectively are distributed according to
a finite GMM for each target m and observation n:

um
k ∼

K
∑

ℓ=1

wu
ℓ N (µm

ℓ,u,Σ
m
ℓ,u), (9)

vnk ∼
Λ
∑

ℓ=1

wv
ℓN (µn

ℓ,v,Σ
n
ℓ,v), (10)

where wu
ℓ , w

v
ℓ ∈ [0, 1] are appropriate weights such that

∑

ℓ w
u
ℓ =

∑

ℓ w
v
ℓ = 1. The parameter µm

ℓ,u denotes the

mean of the ℓth component of the GMM noise in eq. (9) for
the mth object and similarly µn

ℓ,v denotes the mean of the

ℓth component of the GMM noise in measurement model of
equation (10) for an observation n. The parameters Σℓ,u,Σℓ,v

are the corresponding covariance matrices respectively.

Consequently, according to the dynamics of eq. (1) the
transition density for the target i is given by the following
GMM, i.e.

p(xi
k|x

i
k−1) =

K
∑

ℓ=1

wu
ℓ N (g(xi

k−1) + µi
ℓ,u,Σ

i
ℓ,u). (11)

Similarly, the likelihood, which is given by the following
GMM, can be deduced based on the observation process (2)
and the observation noise (10)

p(zjk|x
i
k) =

Λ
∑

ℓ=1

wv
ℓN (h(xi

k) + µj
ℓ,v,Σ

j
ℓ,v). (12)

Based on the aforementioned considerations, the drift
homotopy GMM particle filter for multi-target tracking is
displayed below.

ALGORITHM 2: MCMC Drift Homotopy Particle
Filter for multi-target tracking in a GMM scenery

1) Sample N unweighted samples xn,k−1 from

p(xk−1|z1:k−1) =

Mk−1
∏

m=1

p(xm
k−1|z

m
1:k−1)

2) Prediction: Generate N samples from the transition
p(xk|xk−1) given by

Mk
∏

m=1

K
∑

ℓ=1

wu
ℓ N (g(xm

k−1) + µm
ℓ,u,Σ

m
ℓ,u).

3) Target-Observation Association using Munkres algo-
rithm

4) Update: Compute the weights

Wn,k =

∏Mk

m=1 p(z
m
k |x̃m

k )
∑N

n=1

∏Mk

m=1 p(z
m
k |x̃m

k )

where the likelihood is expressed in equation (12)
5) Resampling: Generate N independent uniform ran-

dom variables {φn}Nn=1 from (0, 1). For n, j =
1, . . . , N , let (xn

k−1,x
n
k ) = (x̃j

k−1, x̃
j
k) where

j−1
∑

l=1

Wl,k ≤ φj <

j
∑

l=1

Wl,k



6) Choose suitably modified dynamics and use drift

homotopy to construct a Markov chain for y
ℓ,m
n,k with

initial value xm
n,k.

a) At ℓ = 0 begin with a sample from the
modified dynamics of eq. (6).

b) Sample through MCMC the density

p(zk|y
0,m
n,k )p(y

0,m
n,k |x

m
n,k−1).

c) For ℓ = 1, ..., L take the last sample from
the (ℓ − 1)th level and use it as an initial
condition for MCMC sampling of the density
at the next ℓth level

p(zk|y
ℓ,m
n,k )p(y

ℓ,m
n,k |x

m
n,k−1)

d) Keep the last sample at the terminal Lth

level. Let xm
n,k = y

L,m
n,k .

7) Let k = k + 1 and go to the first step.

We observe that the new steps in Algorithm 2 is the
modified multinomial resampling based on the previous and
the current observation (Step 5) and the appended MCMC step
adopting drift homotopy ideas (Step 6). On the other hand, the
classical particle filter algorithm (Algorithm 1) considers just a
simple multinomial resampling described in the corresponding
Step 5.

IV. NUMERICAL RESULTS

We present our numerical results for multi-target tracking
using the particle filter method enhanced by the drift homotopy
MCMC step. For each level of the drift homotopy in the
MCMC setp we choose the Generalized Hybrid Monte Carlo
(GHMC) as the sampler [1]. In the simulation, we assume that
the targets move in a 2D plane. Thus the state of the mth target
at time k is represented by a vector xm

k = [xm
k , ẋm

k , ymk , ẏmk ],
where (xm

k , ẋm
k ) and (ymk , ẏmk ) are the position and velocity on

the x and y axes respectively. At each time instance k, there
are Mk moving targets, and the mth object evolves according
to the following near constant velocity dynamics model

xm
k = Axm

k−1 +Bum
k , (13)

where the matrices A and B are as follows

A =









1 T 0 0

0 1 0 0

0 0 1 T

0 0 0 1









,B =











T 2/2 0

T 0

0 T 2/2

0 T











,

and T denotes the time between observations, which in our nu-
merical experiments is set to be 1. The noise um

k is distributed
according to the following GMM,

p(um
k ) =

2
∑

ℓ=1

wu
ℓ N (µm

ℓ,u,Σ
m
ℓ,u), (14)

where wu
1 = wu

2 = 0.5, µm
1,u = −0.1, µm

2,u = 0.1 and the
covariance matrices are defined as follows

Σm
1,u =

(

0.7 0

0 0.7

)

,Σm
2,u =

(

0.1 0

0 0.1

)

.

Basically this model allows with probability 50% the targets’
states to “rest” since the small noise (0.1 herein) does not offer
a significant perturbation between two consecutive times.

Next, we examine two cases for the non-Gaussian observa-
tion model. First we consider a linear observation model where
the nth observation corresponds to mth target. We need to
state that we do not know a priori this association and thus the
Munkres algorithm is considered. In the experiment, the target-
observation association step will distinguish the observations
with the corresponding targets,

znk = x̃m
k + vnk , (15)

where x̃m
k = (xm

k , ymk )T is the position of the mth target at
time k.

The second model focuses on a nonlinear observation
model which consists of the measurements of bearing θ and
the range r of a target. Let znk be the nth observation from the
mth target at time k, the observation model is defined below

znk =

(

arctan(
ymk
xm
k

),
√

(xm
k )2 + (ymk )2

)
′

+ vnk . (16)

In both cases the driving noise, vnk , is distributed according to
a suitable GMM with probability density

p(vmk ) =

2
∑

ℓ=1

wv
ℓN (µn

ℓ,v,Σ
n
ℓ,v), (17)

where wv
1 = 0.8, wv

2 = 0.2 and µm
1,v = −0.01, µm

2,v = 0.01
and the covariance matrices are defined as follows

Σm
1,v =

(

0.0004 0

0 0.0004

)

,Σm
2,v =

(

0.001 0

0 0.001

)

.

The synthesized target tracks were created by evolving a
number of targets according to (13) and recording the state of
each target at each time step. The observations were obtained
based on the model (15) or (16). The number of targets at
each observation instant is Mk = 10 for all k, which is large
enough to make the problem rather difficult.

A. Drift homotopy

The modified dynamics of the mth target based on the
homotopy considerations of Section IIIA is given by

x
ℓ,m
k = Ax

ℓ,m
k−1 +Cℓ,m +Bum

k , (18)

where

Cℓ,m = (1− ǫℓ)











µm
x,k−1

T 2

2

µm
x,k−1T

µm
y,k−1

T 2

2

µm
y,k−1T











,

and ǫl = 1/L, and ℓ = 0, · · · , L. In the numerical experiments
we set L = 10 namely, 10 levels of drift homotopy, and for



the nth sample of the mth target we define

µm
n,x,k−1 =

µ̄m
x − xm

n,k−1

T 2/2
−

2ẋm
n,k−1

T
,

µm
n,y,k−1 =

µ̄m
y − ymn,k−1

T 2/2
−

2ẏmn,k−1

T
,

where µ̄x and µ̄y correspond to a mean drift while at the time
offsetting the individual sample’s properties

µ̄m
x =

1

N

N
∑

n′=1

(xm
n′,k−1 + ẋm

n′,k−1T ),

µ̄m
y =

1

N

N
∑

n′=1

(ymn′,k−1 + ẏmn′,k−1T ).

B. Tracking results

Fig. 1 and Fig. 2 display the tracking estimates based on the
generic particle filter and the drift homotopy MCMC particle
filter for the linear observation model. We observe that the
generic particle filter’s performance deteriorates quickly. The
performance is measured by the RMS error per target (RMSE)
which is defined with reference to the true target tracks by the
following formula

RMSE(k) =

√

√

√

√

1

Mk

Mk
∑

m=1

‖ xm
k − E[xm

k |z1, · · · , zk] ‖2,

(19)
where ‖ · ‖ is the norm of the state vector. xm

k is the true
state vector for the mth target and E[xm

k |z1, · · · , zk] is the
conditional expectation estimate of the chosen algorithm.

Furthermore, we observe that the classical particle filter
with 1,000 samples produces erroneous estimates. In contrast,
the drift homotopy MCMC particle filter estimates accurately
the targets’ trajectories for both linear and nonlinear cases
within a non-Gaussian framework (see Fig. 2 and Fig. 5).
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Fig. 1. In this simulation, we use generic particle filter with 100 time steps,
and 1000 samples. We can clearly see that the classical particle filter is not
able to monitor the trajectories of ten targets. The observation model is linear
in this experiment.

Moreover, we compare the performance of particle filter
with drift homotopy MCMC step for different levels of drift
homotopy (l = 0, 1, 2, 3, 5, 10). According to Fig. 4 one
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Fig. 2. In this simulation, we use the MCMC particle filter with drift
homotopy for GMM. Targets are monitored within 100 time steps and with
5 samples for the particle filter and 10 levels for the drift homotopy. The
observation model is linear in this experiment.
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Fig. 3. This figure shows the RMS error comparison of the generic particle
filter (with 1,000 samples) and the MCMC particle filter with drift homotopy
with 10 levels (with 5 samples) for the linear observation model.

deduces that the drift homotopy MCMC step in the particle
filter improves the tracking performance and the more levels
are employed the more accurate the tracking estimates.
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Fig. 4. This figure shows the RMS error comparison for different levels of
drift homotopy. The observation model is linear.



Similar results arise in the case of nonlinear and non-
Gaussian models given by equation (13) and (16). Multi-target
tracking with nonlinear observation model is more difficult
than the one with linear observation model. The reason is
that for nonlinear observation model, the observation errors
in bearing and range space become position dependent on the
xy-plane. In particular, when x or y is large, the observation
errors can become rather large which is easy to verify by
Taylor expansion of the nonlinear transformation from bearing
and range space to xy space around the true target position.
The non-Gaussian noise approximated by a GMM contributes
significantly to the difficulty of the problem. We show the RMS
error comparison of generic particle filter and MCMC particle
filter with drift homotopy for nonlinear observation model in
Fig.6, which clearly implies an outstanding performance of
our algorithm. The RMSE comparison of linear and nonlinear
observation models using the drift homotopy MCMC particle
filter is presented in Fig.7. According to the graph the error
is comparable (although higher in the nonlinear case as it was
expected) and it indicates that our algorithm works very well
for both cases.

−2000 −1000 0 1000 2000 3000 4000
−2500

−2000

−1500

−1000

−500

0

500

1000

x coordinate

y
 c

o
o

rd
in

a
te

 

 

True Position

Particle filter estimate

Observations

Fig. 5. In this simulation, we use the MCMC particle filter with drift
homotopy for GMM. Targets are monitored within 100 time steps and with
5 samples for the particle filter and 10 levels for the drift homotopy. The
observation model is nonlinear in this experiment.
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Fig. 6. This figure shows the RMS error comparison of generic particle filter
(with 1,000 samples) and MCMC particle filter with drift homotopy with 10
levels (with 5 samples) for the nonlinear observation model.
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Fig. 7. This figure shows the RMSE comparison of linear observation model
and nonlinear observation model for the drift homotopy MCMC particle filter
algorithm.

V. CONCLUSION

We focused on the multi-target tracking problem within a
non-Gaussian framework. The non-Gaussian driving noise was
approximated by a Gaussian mixture. The dynamics of the
targets were propagated according to a near constant velocity
model. The observation process was examined in both linear
and nonlinear scenarios. Generic particle filter experienced
a degeneracy which is due to the fact that a very small
number of samples contribute to approximation of the filtering
distribution. To alleviate this problem, we employed a drift
homotopy approach for the dynamics of the unobserved signal.
The purpose of this additional step was to push the samples
produced by the particle filter into significant regions. Finally,
the simulations deduced that this novel algorithm produced
accurate estimates for the trajectories of the targets.
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[14] J. Kotecha and P.M. Djurić, Gaussian sum particle filtering. IEEE Trans.

Signal Processing, 51(10), 2003.

[15] J.S. Liu, Monte Carlo Strategies in Scientific Computing, Springer NY,
2001.

[16] R.P.S Mahler, Statistical Multisource-multitarget Information Fusion,
Norwood, MA Artech, 2007.

[17] R.P.S. Mahler and V. Maroulas. Tracking spawning objects. IET Radar,

Sonar & Navigation, 7(3), pp.321-331, 2013.
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